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FURTHER THEORETICAL PROOFS FOR THE EXISTENCE OF 

IN NEMATICS: TENSOR ANALYSIS 
RELATION BETWEEN klll(kll), k331(k33) AND k13 

H. P. HINOV 
Georgi Nadjakov Institute of Solid State Physics, 
Boulevard Lenin 72, Sofia 1784, BULGARIA 

Abstract The smooth transformation of the aniso- 
tropic elastic energy o f  a nematic in an isotro- 
pic elastic energy requires either k13 = 0 and 
k24 = 0 or 2k13 = k331 - k l l l  and k24 = k331-k22 
Some physical interpretation of these relations a r e  
given. 

INTRODUCTION 

Recently we have found relation between the elastic 
constants of second-order splay-bend k13, bend k331 
and splay k l l l  as follows: 1, 2 

2k13 = k33' - k l l (  

k l l l  = k l l  - 2k13 and k331 = k33 t 2k13 

(1) 

3 ,  4 On the other hand, from the relations 

(2) 

and the relation (1) one can obtain relations between 
k l l  and k33 on 
on' other hand: 

the one hand and kll' and k331 

k l l  = k331 and k33 = k l l f  (3) 

Nehring and Saupe 3 9  

the elastic constants k24, k l l  and k22 in the follow- 
ing way: 

have obtained a relation between 

2k24 = k l l  - k22 (4) 
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The same relation has been derived by Poniewierski and 
Stecki5 and by Pleiner and Brand,6 Replacing kll with 
the really observable elastic constant of bend k 
the relation (4) is transformed in the following way: 

33 ' 

( 5 )  2k24 = k331 - k22 
In this p a p e r - ,  using the tensor calculations per- 

and k13 formed by Vertogen et a17 and including the k 
elastic terms we have confirmed the existence of the 
relation (1)  and have corrected slightly the relation 

24 

( 5 ) :  

k24 = k331 - k22 (6) 

1'1II'EXPRESSION OF THE ELASTIC ENERGY FOR NEMATICS 
OBTAINED WITH THE AID OF TENSOR CALCULATIONS 

The expression for the elastic energy of nematics 

including k and k13 terms can be easily obtained 
according to the procedure used by Vertogen et al: 7 24 

On the other hand , the expression €or the elastic 
energy of nematics including k 
by Nehring and Saupe3 is written in tensor notation: 

and kI3 terms proposed 24 

2f(r) = f 0 t k22ni,j(r)ni 9 J  .(r) t k24ni,j(r)nj,i(r) 

+ (kll' - k22 - k24 t 2k13)ni,i(r)nj S J  .(r) 

- k In. (r)n .(r)nk,i(r)nk, j(r) (k33 22 1 J 
+ 2k n.(r)ni,ij (r) ( 8 )  

13 J 
The comparison of ( 7 )  and (8) leads to relations be- 
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ON RELATIONS BETWEEN 2k13,k33 AND kll 391 

tween the elastic constants of Frank-Oseen-Nehring- 
Saupe and the constants in the tensor notation by Verto- 
gen et a17 as follows: 

kllf-k22-k 24 t2k13=2Kg;k22=2(Klo-K13) 

k33f-k22=2(K 7 -K 12 );k24=2K11;2k13=2(K14tK15) (9) 

One obtains finally the isotropic elastic energy for 

nematics: 

2f(r) = fo t kni .(r)ni .(r) ( 1 0 )  
when k33f = k22=k 11 = k, k13=0, k 24'' (11) 

k24' k33 - k22 (12) 

9 J  S J  

o r  k33' = k22= k l l f  = k, 2k13= k33'-kllf, 

The requirements (11) including k13= 0 and k24= 0 are 
too severe and in our opinion should be excluded. On 
the other hand, the inclusion of non-vanishing elastic 
constants k and k13 leads to decrease of the elastic 
energy. 2 9  "Consequently at this stage of the knowledge 
0 1 1  

portant to stress that the density of the elastic ener- 
gy for nematics can be written in the following sy- 
mmetric form: 

k24 and k13 weaccept the relations (12).It is im- 

2f = k '(divn) 2 - kll'div(Edivg) +k33f(g x rotg) 2 11 

(13) 
2 - kg3'div(g x rotE) + k22(E.rotg) 

This presentation o f  the elastic energy for nematics 
has several advantages: 
FIRST, we can write the requirement for non-negative 
value of the distortional energy 

'i((divE)2 dv 
2 kl 1 

t k33f{ Jy ,  x rotg) d v  
V S 

It is apriori clear that this requirement is authomati- 
cally satisfied for constant solution divg = const and 
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392 H. P. HINOV 
- n x rotg = const. Such deformations including singula- 
rities are discussed by Drzaic. l o  The more complicated 
case concerning bend-splay def ormationsl'requires a se- 
parate discussion.SECONDLY it is clear that the presen- 
tation of the elastic energy for nematics expressed 
with the form (13) is consistent with the elastic beha- 
viour of nematics near the nematic-smectic A transitios 
PHYSICAL INTERPRETATION OF THE RELATIONS FORk24 &k13 

The elastic constants of splay and bend or twist 

a) there is an asymmetry in the molecular shape": 
and bend are not equal when: 

( 1 5 )  
2 

kll' : k22 : k33 I = 1 : 1 : (LIW) 
where z /x = z  /y -L/W and z o  is the distance between 
the centers of neighbouring molecules in the direction 
of g, and xo and yo are the distances between the cen- 
ters of neighbouring molecules in all directions per- 
pendicular to 11. 

0 0 0 0 '  

b) there is an asymmetry in the molecular interac- 
tions in direction of g and in any direction, perpen- 
dicular to 1: 5 

(16 )  

(these expressions are valid in the mean field approxi- 

mations). Similar expressions can be found in other pa- 

pers as well. 

c) the second-order elastic constant k13 is propor- 

tional to the ratio of the order parameters(P4> and 
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ON RELATIONS BETWEEN 2k13, k33 AND kll 393 

t11e c o n s t a i i t s  a a n d  c d p s c r i b r  I I ic a t t r a r t - j v e  i n -  

teractions between the molecules and the constant b des- 
cribes the repulsive intermolecular interactions. 
CONCLUSION 

The existence of relations between elastic constants of 
nernatics is demonstrated and a physical interpretation 
is given. 

15 

REFERENCES 
1. H. P. Hinov, Mol. Cryst. Liq. C r y s t . , - m ,  7 (1989). 
2. H. P. Hinov, "Further theoretical proofs f o r  the 

existence o f  a relation between k -'(kll),k 
(k33) and k 
sional cases', submitted to Mol. Cryst. Liq.Cryst. 

in nematics: one- ak4 three- a?men- 

3. J .  Nehring and A. Saupe, J.  Chem. Phys., 54,337 
(1971). 

4. J. Nehring and A. Saupe, J. Chern. Phys.,56,5527 

5. A. Poniewierski and J. Stecki, Mol. Physics, 38, 

6. H. Pleiner and H. Brand, Phys. Rev. A, 34,2528 

(1972). 

1931 (1979). 

(1986). 
7. 

8. 

9.  

10. 
11. 

12. 

13. 
14. 

15. 

G. Vertogen , S. D. P. Flapper and C. Dullemond, 
J. Chem. Phys., 76, 616 (1982). 
S. Meiboom, J. Sethna, P. Anderson and W. Brink- 
man, Phys. Rev. Lett., *, 1216 (1981). 
S. Meiboom, M. Sarnmon and W. Brinkman, Phys. Rev.A 
- 27, 438 (1983). 
P. Drzaic, Mol, Cryst. Liq. Cryst., *,289(1988). 
W. H. de Jeu, F. Leenhouts and F. Postma, in 
"Advances in Liquid Crystal Research and Applica- 
tions", ed, L, Bata, Pergamon Press, Oxford - 
Akad6miai Kiado, 499 (1980). 
J .  P. Straley and R. G .  Pri 
Cryst., l7, 129 (1972). 
R. Priest, Phys. Rev. A, I ,  
H. Kimura, M. Hosino and H. 
Liq, Cryst., 74, 55 (1981). 
S. D. P. Flapper, G. Vertog 
J .  Phys.(France), 4 2 ,  1647 

est, Mol. Cryst. Liq. 

720 (1973). 
Nakano, Mol. Cryst. 

en and F. Leenhouts, 
(1981). 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

0:
57

 1
9 

Fe
br

ua
ry

 2
01

3 


